In an earlier publication, the authors showed how knowledge of a quartic force field expanded about a transition state can be used to obtain transition state theory tunneling probabilities. Thus coupling between the reaction mode and other modes is included in this second-order perturbation theory approach. Here we study the very anharmonic reaction H + Hz-t H2 + H and show that even in this extreme case, there is reasonable agreement between the cumulative reaction probabilities calculated by this semiclassical approach, and full quantum calculations.
Introduction
In our first paper [ I] (henceforth referred to as I), we considered an expansion of the potential energy surface V in normal coordinates Qk (k= 1, 2, . . . . 
We commented that if such an expansion was about a minimum, (i.e. all real frequencies) then use of standard second-order perturbation theory [ 21 led to the expression E(n,, n2, . . . . nF)=v,+&+ k$, wk(nk+f)f $,&(n,+i)(s+l),
for the vibrational energy levels. The term E,,, which depends on the cubic and quartic force constants, was omitted from ref.
[ 1 ] (see acknowledgement); it cancels in spectroscopy but enters into thermodynamic quantities. o& are the harmonic frequencies, and &l the anharmonic constants. {nk+ 4 ) are the quantum numbers, or, from the point of view of classical mechanics, they are the good action variables for these molecular vibrations. Using Miller's observation [ 33 that good action variables exist for a transition state, in I we noted that eq. (3 ) is also the expression for the energy (i.e. the classical Hamiltonian) in terms of the good action variables for a transition state, within the limits of second-order perturbation theory. The essential difference between a potential minimum and a transition state (i.e. a saddle point) is that in the former case one is interested in the energy as a function of the actions (quantum numbers), that is vibrational eigenvalues, while in the latter case one seeks tunneling (or transmission) probabilities through the saddle point as a function of the energy. In one dimension, for example, the semiclassical expression [ 41 for eigenvalues in a potential well is given implicitly by the Bohr-Sommerfeld quantization rule (4) which must be inverted to obtain E(n). For a one-dimensional barrier the semi-classical tunneling probability is given by
where 8(E) is the action integral through the barrier (the transition state), e(E)= J dQ,/2[ v/(Q)-El . (6) From eqs. (4) and (6) one clearly sees the correspondence between the action variables for a well and a barrier,
For a parabolic well (i.e. harmonic oscillator) or barrier, for example, eqs. (4) and (6) give
where I= n + f for the well and I= if3/x for the barrier. In the latter case o= i ( o 1, so that eq. (6 ) reads
which, when inserted into ( 5 ), gives the correct tunneling probability for energies E above or below the barrier height I',. For a multi-dimensional transition state one proceeds analogously, by making the replacement indicated by eq. (7) for mode F (the reaction coordinate), so that eq. (3) reads E=E(ni, n2, . . . . nFvI, 0) , (9) and then inverting this expression to obtain 6( n,, n2, . . . . nF_ 1, E) ; that is, f3 is given in terms of the quanta in the vibrational modes at the transition state, and the total energy E. Eq. (9) will be a quadratic equation for 6 in this case, and the solution is, 
and we have defined real anharmonic constants X as
Thus the transition state theory tunneling probability for state fl= (n,, n,, . . . . nF_ ,) of the activated complex is
The cumulative reaction probability (CRP) is then given as N(E)= c P,(E) * (15) ! All of the above was discussed in greater detail in I and Seideman and Miller [ 5 ] have further shown how this semiclassical theory relates to a full quantum mechanical theory. (In this completely quantum theory the energy as a function of the good action variables at a transition state become Siegert eigenvalues [6] .) Expressions for Xkk, Xk[, X@ and XFF Were given in terms Of 0, fklm and f kl,,,n for the case of a non-linear transition state.
&,, in ( 1 1 ), is equivalent to the constant E. in eq. (2) except that it is modified for a potential barrier. Quantum-chemistry calculations were performed at the transition state for the unimolecular decomposition of formaldehyde D2CO-+D2+C0, to determine quadratic, cubic and quartic force constants. In that case, where there is a high barrier (94.7 kcal/mol), the anharmonic constants were small and their effect on the tunneling probabilities was not very significant.
It is therefore of interest to study, using this theory, a case where anharmonicity is known to be significant, to see whether this second-order perturbation theory approach can give results which are in agreement with full quanta1 calculations. Needless to say, the cost of these studies is negligible compared with those full calculations. The obvious problem is H + Hz --rH* + H, which has the symmetric linear transition state. In section 2 we give the necessary formulae for such a transition state, and in section 3 we apply this theory using the double many body expansion (DMBE) surface of Varandas, Brown, Mead, Truhlar and Blais [ 71.
Anharmonic constants for a linear transition state
The corresponding expression to (2) for the vibrational levels of a linear molecule is where here and below all summations exclude mode F, the reaction coordinate. The expressions for x, X and g may be straightforwardly derived from the corresponding expressions for vibrations, which may be found in ref.
[2]. In the following, the f are normal coordinate force constants (they are related to the dimensionless Once these expressions are programmed, tunneling probabilities and CRPs are obtained. At this stage we will comment on the expression, in particular paying attention to the problem of resonances. We note that there will be no resonance involving the reaction mode F, because the term + S: always arises in the denominators. However, Fermi resonances amongst the vibrational modes may and will arise, for example the classic 20, z ok resonance affects x,,, xk; and g,,. We shall see that such a resonance is important in our interpretation of H+H2+H2+H.
As in the study of vibrations, the resonant term is removed from the perturbative expansion and treated directly at zeroth order. The diagonal terms are obtained using the expression for AE (eq. ( 12) ), with the E modified to exclude the resonant partial fraction. While there are now off diagonal terms, the only non-trivial ones are the matrix elements of the resonance operator between the states of a given polyad. The energies of these states are obtained by diagonalizing the corresponding block of the Hamiltonian. In the same way amended vibrational energy levels at the transition state, E(n,, n2, . . . . nF_ , ), can be obtained and used to calculate tunneling probabilities. Note that there is no danger of a resonance developing between the reaction mode and perpendicular modes as the reaction frequency is imaginary.
Studies of the hydrogen exchange reaction
As we have said we shall use the DMBE [ 71 surface, which is analytic and is agreed to be close to the exact surface. We obtained a subroutine #' which evaluated this potential for any value of the internal coordinates for this ABC system, with R, = lABI, R2= 1 BCI and 8= JABCI . By optimization we found that at equilibrium R, =R2= 1.754635 a, and that the barrier height was 9.65 kcal/mol.
After an attempt to use an algebra program (REDUCE) to evaluate all the first, second, third and fourth derivatives analytically, which failed due to algebraic complexity, we proceeded to obtain the required derivatives through finite displacements based upon in cm-'. in table 2 the first column of values gives the anharmonic constants, derived using the formulae ( 18)-(26), in cm-'. One sees that the anharmonic constants are very large, an order of magnitude larger than those reported in I for D2CO-+D2+C0. Questions of reliability of this theory immediately arise. As a first test, we consider the coffinear version of this reaction, which involves only modes 1 and 4. In this case there is no question of Fermi resonance, only the anharmonicity in the barrier and the coupling between the two modes (reaction path curvature). Fig. 1 shows the CRP in the low energy tunneling regime, as given by our full semiclassical theory, compared to the exact quantum results #2 [ 9 ] and also to the harmonic limit of the theory. One sees that the X2 Kindly provided by Professor J.N.L. Connor. present perturbative anharmonic theory does well quite far into the deep tunneling regime. At high energies, the contribution to the CRP from transition states with quanta in the perpendicular mode fails because the large anharmonicity in the perpendicular mode causes the argument of the square root in eq. ( 10) to be negative. However, in a system with more degrees of freedom, it seems plausible that the breakdown in the perturbation could be mitigated by a cancellation of the anharmonicities in the various perpendicular modes.
We now address the 3-dimensional version of the reaction. One of the largest x is x,*=455 cm-' and upon examination it is seen that there is a substantial resonance effect arising from the fact that (i) w1 -2wZ = 286 cm-' and (ii) the associated force constant ki12 = 1101 cm-' is very large. Thus although o, -20, might not be considered a case of significant Fermi resonance, after the magnitude of k,22 is taken into account, it has a real effect. The second column of table 2 gives the amended values for x ,2, x22 and g after removal of this resonance. We observe that x,~ has changed by 576 cm-'. The constant & is large because the force constant 1; ,44 is very large. The values of all reduced normal coordinate force constants are given in table 3.
Chatfield et al.
[ lo] determined a density p(E) of reactive states from the differential of the CRP derived from full quantum calculations. For J=O, there are five peaks in p(E), in the energy range considered here, which they correlate with quantized transition states. These peaks are labelled by v,, V, quantum numbers for the symmetric stretch and bending vibrations. By fitting these peaks to a two-dimensional expansion in u,, y of the form (2), Chatfield et al. At the transition state values may be determined for vibrational energy levels E(n,, n2) using the values of wl, w2 and xI1, x12, x22 in table 2. We use the value of x after the removal of resonance. The energies of the ( 1 ,O) and (2,0) levels are found by 2 x 2 matrix diagonahzation. For a potential well the term E. gives a positive contribution to the zero point energy. Therefore, in this transition state theory, E,, contributes to a lowering of the potential barrier and being large, -138 cm-', causes a significant increase in the reaction rates. In table 4 we also give the values for the peaks ofp(E) determined by Chatfield et al.
[ lo] together with their assignments. We see good agreement between our values for the vibrational energies of these states and Chattield's values, but a disagreement in the assignments. Of course in our approach we included the effects of resonance, but in ref.
[ lo] a direct Iit of the form (2) is made to the peaks. It seems that the quantum number assignment for these states of the activated complex is not a simple procedure.
We give our values for the Boltzmann weighted BWCRP, exp( -E/kT)N(E), in fig. 2 , for the temperatures T= 200,600 and 1000 K and compare them with values obtained from the purely harmonic potential and with the BWCRP obtained by Chattield, Truhlar and Schwenke [ 111 with their full quantum calculations. We used our values of x after the removal of resonance, including the contributions of ( 1,0) and (0,2) to the sum in ( 15) as described in section 2. In ( 15) we used values of n: OQ n, < 5, 0 ,< n2 < 5. When we used the values of 5 before the resonance was removed, the BWCRP were toosmall in comparison with both those obtained after [ 111. At T=200 K the peak is at 4.1 x lo-i6 instead of 1.9x 10-16, at T=600 K the peak is at 4.2x lop6 instead of 3.9 x low6 and at T= 1000 K the peak is at 6.7 x 10e4 instead of 6.5 X 10e4. The remaining features are in good agreement. In particular the shoulder at E cz 1 .O eV at T= 1000 K is reproduced.
The thermal reaction rate constant for zero total angular momentum can be written
where the Hz partition function is
The integral in eq. (21) was evaluated using a four point finite difference quadrature scheme [ 121 with 400 quadrature points. In table 5 we present values of the thermal rate constants at the temperatures T= 200, 600 and 1000 K, using both the harmonic and anharmonic constants, the values are given in comparison with the results of Chattield et al.
[ 111. The rate constants calculated from the purely harmonic field are overall significantly different from those of Chatfield et al., particularly at low temperatures where anharmonic effects are most important. By contrast the anharmonic rate constants are in much closer agreement, particularly at high temperatures and this is a pleasing aspect of this theory.
Discussion and conclusions
In this paper, we have determined properties of the H+H2 +HZ + H reaction from a knowledge of a quartic expansion of the potential surface expanded around the transition state. No other knowledge has been put into the calculations, except for the barrier height which was used in the Boltzmann weighting factor. It may at first seem remarkable that this limited knowledge gives such good agreement with the quantum mechanical studies of Chatfield et al. [ 10,111, for both the vibrational energy and the reaction probabilities. But we observe that a knowledge of a quartic force field expanded about a minimum is very often used to study vibrational levels 10000 cm-' or more above the zero point level.
We recognize that often transition states will be very anharmonic, but this is likely to be the extreme case. The fact that reasonable results were obtained here suggests that studies using this method will be valuable when more atoms are involved; in those cases full quantum calculations will be impossible. Recall also that this approach requires only the quadratic, cubic and quartic force constants, and not an analytic representation of the whole surface. Therefore the modern gradient theory of quantum chemistry may be directly used.
